Spherically symmetric space-time with the regular de Sitter center 
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The requirements are formulated which lead to the existence of the class of globally regular solutions 
to the minimally coupled GR equations asymptotically de Sitter at the center. ^ The source term 
for this class, invariant under boosts in the radial direction, is classified as spherically symmetric 
vacuum with variable density and pressure T^"° associated with an r— dependent cosmological term 
A^^ = SttGT^"'^, whose asymptotic in the origin, dictated by the weak energy condition, is the 
Einstein cosmological term Ag^^, while asymptotic at infinity is de Sitter vacuum with A < A or 
Minkowski vacuum. For this class of metrics the mass m defined by the standard ADM formula is 
related to both de Sitter vacuum trapped in the origin and to breaking of space-time symmetry. In 
the case of the flat asymptotic, space-time symmetry changes smoothly from the de Sitter group 
at the center to the Lorentz group at infinity through radial boosts in between. Geometry is 
asymptotically de Sitter as r — > and asymptotically Schwarzschild at large r. In the range of 
masses m > merit, de Sitter-Schwarzschild geometry describes a vacuum nonsingular black hole 
(ABH), and for m < merit it describes G-lump - a vacuum selfgravitating particlelike structure 
without horizons. In the case of de Sitter asymptotic at infinity, geometry is asymptotically de 
Sitter as r ^ and asymptotically Schwarzschild-de Sitter at large r. A^^ geometry describes, 
dependently on parameters m and q = ^ A/A and choice of coordinates, a vacuum nonsingular 
cosmological black hole, selfgravitating particlelike structure at the de Sitter background A(7^^, and 
regular cosmological models with cosmological constant evolving smoothly from A to A. 
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I. INTRODUCTION 

The well known Schwarzschild metric is the vacuum 
spherically symmetric solution with a central singularity 
inevitable if conditions of validity of singularity theorems 
are satisfied [1]. Any other vacuum spherically symmet- 
ric solution is reduced, by the Birkhoff theorem, to the 
Schwarzschild solution in the case T^y = 0, or to the 
Kottler-Trefftz solution [2] known as the Schwarzschild- 
de Sitter geometry [3] in the case when a cosmological 
constant is included. 

The non-singular modification of the Schwarzschild ge- 
ometry can be obtained by replacing a singularity with 
a regular core asymptotically de Sitter as r — > 0. The 
idea goes back to the 1966 papers of Sakharov [4] who 
considered p = —p as the equation of state for superhigh 
densities, and of Gliner who suggested that a vacuum 
associated with the Einstein cosmological term At^^jy (/i- 
vacuum in his terms), could be a final state in a gravita- 
tional collapse [5]. 

In 1991 Morgan has considered a black hole in a simple 
model for quantum gravity in which quantum effects are 
represented by an upper cutoff on the curvature, and 
obtained de Sitter-like past and future cores replacing 
singularities [6]. In 1992 Strominger demonstrated the 
possibility of natural, not ad hoc, arising of de Sitter 
core inside a black hole in the model of two-dimensional 
dilaton gravity conformally coupled to N scalar fields [7] . 

Direct matching of Schwarzschild metric to de Sitter 
metric within a short transitional space-like layer of the 



Planckian depth [8-12] results in metrics typically with 
a jump at the junction surface. 

In 1988 Poisson and Israel proposed to introduce a 
transitional layer of "non-inflationary material" of un- 
certain depth where geometry can he self-regulatory and 
describable semiclassically down a few Planckian radii by 
the Einstein equations 



(1) 



with a source term representing vacuum polarization ef- 
fects [13]. 

Generic properties of " noninflationary material" have 
been considered in Ref. [14]. For a smooth de Sitter- 
Schwarzschild transition a source term satisfies [14] 



(2) 



and the equation of state, following from — 0, is 



(3) 



The stress-energy tensor with the algebraic structure (2) 
has an infinite set of comoving reference frames and is 
identified as describing a spherically symmetric vacuum 
T™^, invariant under boosts in the radial direction [14] 
(for review [15-17]). 

The exact analytical solution was found for the case of 
the density profile [14] 

p{r)= poe--'" /■'or.. ^ r2 = 3/A; rg=2Gm (4) 
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describing a de Sitter-Schwarzschild transition in a sim- 
ple semiclassical model for vacuum polarization in the 
spherically symmetric gravitational field [18] . 

In the course of Hawking evaporation a vacuum non- 
singular black hole evolves towards a self-gravitating 
particle-like vacuum structure without horizons [18], kind 
of gravitational vacuum soliton called G-lump [19]. 

Model-independent analysis of the Einstein spherically 
symmetric minimally coupled equations has shown [19] 
which geometry they can describe in principle if certain 
general requirements are satisfied: a) regularity of metric 
and density at the center; b) asymptotic flatness at infin- 
ity and finiteness of the ADM mass; c) dominant energy 
condition for T^,y. 

The requirements (a)-(c) define the family of asymp- 
totically flat solutions with the regular center which in- 
cludes the class of metrics asymptotically de Sitter as 
r — > and asymptotically Schwarzschild at large r. A 
source term connects de Sitter vacuum in the origin with 
the Minkowskli vacuum at infinity. Space-time symme- 
try changes smoothly from de Sitter group at the center 
to the Lorentz group at infinity through the radial boosts 
in between, and the standard formula for the ADM mass 
relates it (generically, since a matter source can be any 
from considered class) to both de Sitter vacuum trapped 
inside an object and breaking of space-time symmetry 
[19]. 

This class of metrics is extended to the case of non- 
zero cosmological term at infinity [20] corresponding to 
extension of the Einstein cosmological term A^^^i^ to 
an r— dependent second rank symmetric tensor A^,^ = 
SttGT™'^ connecting smoothly two de Sitter vacua with 
different values of a cosmological constant [21]. In this 
approach a constant scalar A associated with a vacuum 
density A = SnCpvac, becomes a tensor component Aj 
associated explicitly with a density component of a per- 
fect fluid tensor whose vacuum properties follow from its 
symmetry and whose variability follows from the Bianchi 
identities. 

In this paper we review geometry and its applica- 
tion, but first we show that requirements leading to exis- 
tence of such a geometry, can be loosed to a) regularity 
of density, b) finiteness of mass and c) dominant energy 
condition on a stress-energy tensor. This question is ad- 
dressed in Section 2. In Section 3 we outline geometry 
asymptotically flat at inflnity, de Sitter-Schwarzschild ge- 
ometry. Section 4 is devoted to geometry asymptotically 
de Sitter at both origin and infinity. Section 5 contains 
summary and discussion. 



II. A^^ GEOMETRY 



A. Basic equations 



A static spherically symmetric line element can be 
written in the form [22] 



(5) 



where dil^ is the metric of a unit 2-sphere. The met- 
ric coefficients satisfy the Einstein equations (1) which 
reduce to 

«r* = Mr) = e-^(^-l)+l (6) 



kt: 



-KPr{r) 



-Kp±{r) 



V2 4 2r 4y ^ ' 

Here k = SttG (we adopted c = 1 for simplicity), 
p{r) = T* is the energy density, Pr{r) = — is the 
radial pressure, and p±{r) = —Tjj = —T^ is the tangen- 
tial pressure for anisotropic perfect fluid [22]. The prime 
denotes differentiation with respect to r. Integration of 
Eq.(6) gives 

e-'^W = g{r) = 1 - "^^Mid. M{r) = 4n f p{x)x'^dx 

Jo 

(9) 

whose asymptotic for large r is e " = 1 — 2Gm/r, with 
the mass parameter 



m = An 



/ P{r)r' 
Jo 



dr 



(10) 



Equations (6)- (8) give the Oppenheimer equation [23] 

k(t* - r;) = K{pr + p) = ^{u' + m') (11) 

and hydrodynamic equation which generalizes the 
Tolman-Oppenheimer-Volkoff equation [24] to the case 
of different principal pressures [25,19] 

To investigate the system we impose the following re- 
quirements: 

a) Regularity of a density p{r) 

b) Finiteness of the mass parameter m 
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c) Dominant Energy Condition (DEC) on T^j^ 
The dominant energy condition, T°° > \T°-^\, a,b = 
1,2,3, holds if and only if [1] 



P>0; 



< 



Pk < p; 



1,2,3 



(13) 



and implies that the energy density as measured by any 
local observer moving along a time-like curve, is non- 
negative, and each principal pressure does not exceed the 
energy density. The Weak Energy Condition (WEC) con- 
tained in the DEC, reads T^^^'^^'^ > for any time-Uke 
vector and holds if and only if 



p>0, p + Pk>0, A; = 1,2, 3 



(14) 



The requirements a)-c) imposed on a system (6)-(8), 
enforce the following behavior. Finiteness of a mass (10) 
leads to :^(r) = as r oo, and requires a density 
profile p{r) to vanish at infinity quicker than r~^. DEC 
requires pk to vanish equally fast or faster as r — s- oc. By 
the Oppenheimer equation (11), /x' = and fj, =const at 
infinity. Rescaling the time coordinate leads to the stan- 
dard boundary condition /i ^ as r ^ oo, asymptotic 
flatness needed to identify (10) as the ADM mass [24]. 

Regularity of density p{r = 0) < oo, requires the mass 
function M{r) to vanish as when r — > 0, as a result 
u{r) ^ as r 0. It leads also, by DEC, to regularity 
of pressures, then pr + p < oo leads to v' + p,' = and 
1/ + p = p{0) at r = with p{0) playing the role of the 
family parameter. 

The weak energy condition defines, by the Oppen- 
heimer equation (11), the sign of the sum p' + u'. It 
demands p' + f' > everywhere [19] (in the regions in- 
side the horizons, the radial coordinate r is time-like and 
T* represents a tension, Pr = — T/, along the axes of the 
space-like 3-cylinders of constant time r=const [13] , then 
T( — = —{pr + p)). As a result the function p + u 
is growing from fi = ii{0) at r = to = at r — > oo, 
which gives p{0) < [19]. 

The example of solution from this family is boson stars 
[26] (for review [27]) which are regular configurations 
without horizons generated by a self-gravitating mas- 
sive scalar field whose stress-energy tensor is essentially 
anisotropic, pr ^ p_i_. 

The range of family parameter /u(0) includes the value 
p{0) = 0. In this case the function i^{r) + fj.{r) is zero 
at r = and at r — !■ oo, its derivative is non- negative, it 
follows that i/(r) = —p{r) everywhere. 

For this class of metrics behavior at r ^ is dictated 
by the WEC. It is easily to prove [19] that the function 
p{r) + i'{r) cannot have extremum at r = 0, therefore 
H" J/" = at r = 0. It leads to + P = at r = 0, 
and in the limit r Eq.(12) gives p±^ = — p — ^p' . The 
DEC and regularity of p requires pk + p < oo and thus 
\p'\ < oo. The equation of state near the center becomes 



p = —p [19], which gives de Sitter asymptotic as r — > 



r^dn^ (15a) 



T/xu — pOdnu] 



Po 



^° = A 



(156) 



where po = p{r = 0) and A is the cosmological constant 
which appeared at the origin although was not present 
in the basic equations. 

The weak energy condition p_L-|-p > gives p' < 0, and 
thus demands monotonic decreasing of a density profile. 
This defines the form of the metric function g{r). In the 
region < r < oo it has only minimum and the geometry 
can have not more than two horizons [19]. 

Requirements a)-c) lead thus to the existence of the 
class of metrics 



dr^ 



ds"^ = g{r)dt^ - ^ - r'^d^^ 



9{r) 



(16a) 



)=An f p{x) 
Jo 



g{r) = l Rg{r) =2GM{r); M{r 

' (166) 

It is asymptotically de Sitter as r ^ 0, asymptotically 
Schwarzschild at large r 



x^dx 



r 



dr^ 



1_ li 



-r^dQ^; rg = 2Gm (17) 



and has at most two horizons: a black hole horizon and 
an internal Cauchy horizon. 

This class of metrics is extended to the case of 
nonzero background cosmological constant A by intro- 
ducing T( (r) = p{r) + (87rG)~^A. The metric function 
[20] 



g{r) = 1 - 



2GM{r) Ar2 



(18) 



is asymptotically de Sitter at both origin and infinity, 
with A as r ^ oo and with A -I- A as r — > 0. The source 
term evolves from (A -t- A)^^!/ to Xg^i,. 



B. Cosmological term 

For the class of metrics (16) a source term has the al- 
gebraic structure (2) [14]. It is invariant under rotations 
in the (r, t) plane, has an infinite set of comoving refer- 
ence frames and is identified as describing a spherically 
symmetric vacuum T™'^, invariant under boosts in the 
radial direction [14]. 
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For considered class of metrics it must be asymptoti- 
cally de Sitter as r ^ 0. It connects de Sitter vacuum 
= Pog^v in the origin with the Minkowski vacuum 
T^y = at infinity or two de Sitter vacua with different 
values of cosmological constant 

K-^Kg^, ^ ^ n-^Xgi.u (19) 

In the paper on A- variability, Ovcrduin and Coopcrstock 
distinguished two basic approaches to h.g^i, existing in 
the literature [28]. In the first approach Agi^i^ is shifted 
onto the right-hand side of the Einstein equations and 
treated as a dynamical part of the matter content. This 
approach, characterized by Overduin and Cooperstock as 
connected to dialectic materialism of the Soviet physics 
school, goes back to Gliner who interpreted K~^h.gnv as 
vacuum stress-energy tensor [5], and to Zel'dovich who 
connected A with the gravitational interaction of virtual 
particles [29]. The second (idealistic) approach prefers 
to keep A on the left-hand side of Eqs.(l) as geometrical 
entity and treat it as a constant of nature. 

In any case direct association of a cosmological term 
^gixv with the vacuum stress tensor Pvacg/iv', Pvac = 
K~^A seems widely accepted today [30]. 

Here we started from the Einstein equation (1) and 
found the case when we have on the right-hand side a 
stress-energy tensor describing a spherically symmetric 
anisotropic vacuum with variable density and pressures. 
Nothing would prevent from shifting T^"'^ to the left- 
hand side of Eqs.(l) and treating it as evolving geomet- 
rical entity.^ A variable cosmological term [21] 

A^. = «r;r (20) 

satisfies the Einstein equation (1) which in this case reads 

g;+a; = o (21) 

and the Bianchi identities determine its evolution 

K.^ = (22) 

As a result A^i, satisfies the equation of state (3) with 
[21] 

«/(r)=A*; ^p^{r) = -Al; «pl(r) = -A^ = -A^ 

(23) 

A cosmological tensor A^^ represents the extension of 
the algebraic structure of the Einstein cosmological term 
Ag^v to an r-dependent cosmological term A^^, which 
includes Ag^i, as the particular case A = K;p„ac=const 



^The Einstein equations (1) can be written in the four- 
indices form GafifS = —8T:GTai3jS as the equivalence rela- 
tions which put the matter and geometry in direct algebraic 
correspondence [31]. 



when the full symmetry is restored, and remains Ag^^ 
as proper asymptotics of A^i^ at both regular center and 
infinity. In such extension the cosmological constant - 
scalar associated with the vacuum density - becomes a 
tensor component Aj associated explicite with the density 
component of vacuum stress tensor T^"'^ defined by its 
symmetry. 

III. DE SITTER-SCHWARZSCHILD GEOMETRY 

De Sitter-Schwarzschild geometry [18] (for review 
[15 17]) is asymptotically de Sitter as r ^ and asymp- 
totically Schwarzschild as r ^ oo. 

For the case of density profile (4) the metric and mass 
functions are [14] 

g{r) = l-^^l-e-'->o%^; M(r) =m^l-e-'''/''°''^^ 

(24) 

Two horizons, a black hole event horizon r_|- and an in- 
ternal Cauchy horizon r_, are shown in Fig.l together 
with two characteristic surfaces of the geometry: a zero- 
gravity surface r = Tc beyond which the strong energy 
condition of singularities theorems [1] is violated (zero- 
gravity surface is defined by 2p + rp' — [18]), and a 
zero-curvature surface r = r., at which scalar curvature 
R{r) vanishes. For the case (24) rg is given by [18] 




01 2 3 4 5 6 7 8 9 10 



FIG. 1. Characteristic surfaces of de Sitter-Schwarzschild 
geometry 

Horizons come together at the value of a mass param- 
eter merit , which puts a lower limit on a black hole mass 
[18]. For the case of a density profile (4) the critical mass 
is [14,18] 

merit — O.Smpi \/ ppiIpq (26) 
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For m < merit geometry describes a self-gravitating 
particle-like structure without horizons. De Sitter- 
Schwarzschild configurations are shown in Fig. 2. 

1 .5 I 1 




FIG. 2. The metric g{r ) for dc Sitter-Schwarzschild config- 
urations. The mass m is normalized to merit- 

For m > merit de Sitter-Schwarzschild geometry de- 
scribes the vacuum nonsingular black hole, and global 
structure of space-time shown in Fig. 3, contains an in- 
finite sequence of black and white holes whose future 
and past singularities are replaced with regular cores 
asymptotically de Sitter as r — > [18]. It resembles the 
Rcissncr-Nordstrom case, but differs essentially at the 
surfaces r = which are regular surfaces of de Sitter- 
Schwarzschild geometry. 

Vacuum nonsingular black and white holes can be 
called ABH, AWH, since de Sitter vacuum (Ag^i^) ap- 
pears instead of a singularity at approaching each regular 
surface r = 0. 

A. Vacuum nonsingular white hole 

Replacing a Schwarzschild singularity with the regu- 
lar core transforms the space-like singular surfaces r = 
of Schwarzschild geometry into the time-like regular sur- 
faces r = in the future of a ABH and in the past of 
a AWH. In a sense this rehabilitates a white hole whose 
existence in a singular version has been forbidden by the 
cosmic censorship since a singularity open into the future 
of a universe U breaks the predictability in U [33] . In the 
case of AWH predictability is only restricted by the ex- 
istence of the Cauchy horizon in de Sitter-Schwarzschild 
geometry [34]. 

The regular core in the past of a AWH models an early 
evolution of an expanding universe. The expansion starts 
from a regular surface r = with a nonsingular non- 
simultaneous de Sitter bang followed by a Kasner-like 
stage of anisotropic expansion at which most of mass is 
produced [34]. 




FIG. 3. Global structure of de Sitter-Schwarzschild 
space-time. 

B. Baby universes inside a ABH 

The idea of a Tiniversc inside a black hole has been sug- 
gested by Farhi and Gutli in 1987 [10] as the idea of cre- 
ation of a universe in the laboratory starting from a false 
vacuum bubble in the Minkowski space. They studied an 
expanding spherical de Sitter bubble separated by a thin 
wall from the outside region of the Schwarzschild geome- 
try. The case of direct de Sitter-Schwarzschild matching 
corresponds to arising of a closed or semiclosed world 
inside a black hole [12]. 

In general case of a distributed density profile, situa- 
tion is different since the global structure of space-time 
is essentially different. In de Sitter-Schwarzschild geom- 
etry, closed or semiclosed world can arise in any of the 
regular cores near r = in the future of a ABH. An in- 
finite number of such cores inside a ABH enhances the 
probability of arising of closed or semiclosed world inside 
a ABH [34]. 

Global structure of space-time in case of a ABH leads 
to additional possibilities related to instability of the de 
Sitter vacuum near the surface r = 0. Instability of de 



5 



Sitter vacuum with respect to quantum birth of a uni- 
verse is well studied [35]. The essential feature is possi- 
bility of multiple birth of causally disconnected universes 
from the de Sitter vacuum noted first in 1975 in the Ref 
[36] . The global structure of space-time was considered in 
1982 by Gott III for the case of creation of an open FRW 
universe [37] . In the context of the minisuperspace model 
quantum birth of an open or flat universe is possible when 
an initial quantum fluctuation contains an admixture of 
radiation and strings or some other quintessence with the 
equation of state p = —pj?) which mimics a curvature 
term. In the presence of radiation quantum tunnelling 
occurs from a discrete energy level with a nonzero quan- 
tized temperature [38]. An infinite number of regular 
cores r = inside a ABH enhances essentially the prob- 
ability of quantum birth of baby universes inside it as a 
result of quantum instability of de Sitter vacuum [34] . 



their own self-interaction [39]. G-lump holds itself to- 
gether by gravity due to balance between gravitational 
attraction outside and gravitational repulsion inside of 
zero-gravity surface r = r^- For the case of density pro- 
file (4) it is perfectly localized (see Fig. 4) [19]. 



P 




C. Vacuum nonsingular black hole 

A ABH emits Hawking radiation from both horizons 
with the Gibbons-Hawking temperature [3] which for 
ABH with two horizons is given by [18] 



kT= — 
Att 



rh = r+,r- 



(27) 



The form of the emperature-mass diagram is generic for 
de Sitter-Schwarzschild geometry. The temperature on 
the BH horizon drops to zero at m = merit, while the 
Schwarzschild asymptotic requires T_|_ — > as m oo. 
The temperature-mass curve has thus a maximum be- 
tween merit and m oo. In a maximum the specific 
heat is broken and changes its sign testifying to a second- 
order phase transition in the course of Hawking evapora- 
tion and suggesting symmetry restoration to the de Sitter 
group in the origin [32]. 

For particular form of the density profile (4) the tem- 
perature is given by [18] 



he 



12. 



1 



rh_ 

To 



(28) 



The mass at the maximum and the temperature of the 
phase transition are [18] 



mtr ^ QMmpi^J ppi/ po] Ttr ^ Q.2mpi^J ppi/ pQ (29) 



D. G-lump 

For masses m < merit de Sitter-Schwarzschild geome- 
try describes a self-gravitating particle-like vacuum struc- 
ture, globally regular and globally neutral. It resem- 
bles Coleman's lumps - non-singular, non-dissipative so- 
lutions of finite energy, holding themselves together by 



FIG. 4. G-lump in the case = O.lro (m ~ Q.QQrricrit)- 

Since de Sitter vacuum is trapped within a G-lump, it 
can be modelled by a spherical bubble with monotoni- 
cally decreasing density. Its geometry is described by the 
metric [19] 



2GM{r{R,T)) 



-r'^{R,T)d9? 



r{R,T) 

The equation of motion [34] has the first integral [19] 
.2 2GM{r) 



(30) 



f{R) 



(31) 



which resembles the equation of a particle in the potential 
V{r) = — ^-^J-^^ ^ with the constant of integration f{R) 
playing the role of the total energy / = 2E. 

A spherical bubble can be described by the minisuper- 
space model with a single degree of freedom [40]. Zero- 
point vacuum energy for G-lump, which clearly repre- 
sents an elementary spherically symmetric excitation of 
a vacuum defined macroscopically by its symmetry (2), 
is evaluated as its minimal quantized energy. 

By the standard procedure of quantization the equa- 
tion (26) transforms into the Wheeler-DcWitt equation 
in the minisuperspace [40] 



2mpi dr^ 



{V{r) - E)iJ; = 



(32) 



Near the minimum r = r„j the equation (32) reduces to 
the equation for a harmonic oscillator with the energy 
E = E — V{rm), and the energy spectrum is [19] 



En 



fiLo n 



GM{rm) 



E 



PI 



(33) 



where lu'^ — Ac'^p±{rjn), and p± is the dimensionless pres- 
sure normalized to vacuum density po at r — 0; for the 
density profile (4) p±{rm) — 0.2. 
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The energy of zero-point vacuum mode [19] 



To 



(34) 



never exceeds the binding energy V{rjn)- It remarkably 
agrees with the Hawking temperature from the de Sitter 
horizon kTn — J^T^ I'^l' representing the energy of vir- 
tual particles which could become real in the presence of 
the horizon. In the case of G-lump they are confined by 
the binding energy V{r„i) [19]. 



E. Cosmological term as a source of mass 

The mass of both G-lump and ABH is directly con- 
nected to cosmological term A^j, by the ADM formula 
(9) which in this case reads 



= (2G)- 



A*(r)r^dr 



(35) 



and relates mass to the de Sitter vacuum at the origin 
[19]. In de Sitter-Schwarzschild geometry the parameter 
m is identified as a gravitational mass by flat asymptotic 
at infinity. A mass is related to cosmological term, since 
de Sitter vacuum appears as r — > 0. 

This fact does not depend on extension of a cosmologi- 
cal term from Ag^^^, to A^^, . Whichever would be a matter 
source (2) for this class of metrics and its interpretation 
(as associated with A^j^ or not), mass is related to both 
de Sitter vacuum trapped inside an object, and break- 
ing of space-time symmetry. De Sitter vacuum supplies 
an object with mass via smooth breaking of space-time 
symmetry from the de Sitter group in its center to the 
Lorentz group at its infinity [19]. 

This picture conforms with the basic idea of the Higgs 
mechanism for generation of mass via spontaneous break- 
ing of symmetry of a scalar field vacuum. In both cases de 
Sitter vacuum is involved and vacuum symmetry is bro- 
ken. The gravitational potential g{r) resembles a Higgs 
potential (see Fig. 5). 




FIG. 5. 
G-lump. 



The gravitational potential g{r) for the case of 



Applying de Sitter-Schwarzschild geometry to estimate 
limits on sizes of fundamental particles whose masses are 
related to de Sitter vacuum through the Higgs mecha- 
nism, we get numbers close to experimental limits [41]. 
Characteristic size in this geometry rs given by (25), de- 
pends on vacuum density at r = and presents modi- 
fication of the Schwarzschild radius rg to the case when 
singularity is replaced by de Sitter vacuum. For the elec- 
tron getting its mass from the vacuum at the electroweak 
scale it gives r| ^ lO"""^^ cm, while the Schwarzschild ra- 
dius is r| ~ 10"^'' cm which is many orders of magnitude 
less than Ipi. In Fig. 6 the geometrical lower limits on 
lepton sizes estimated by (25), are compared with elec- 
tromagnetic (EM) and electroweak (EW) experimental 
upper hmits [41]. This geometry gives also reasonable 
upper bound on the mass of the Higgs scalar, mn < 154 
GeV [41]. 




l^Compton wovelength, 
A EM interoction experimentol upper limit 
ilRonge of EW interoction experimentol upper limit 
A Lower limit on lepton size at the weok scale. 
■ Most stringent lower limit on lepton size. 



Mass of Lepton 



[GeV] 



FIG. 6. Estimates of characteristic sizes for leptons [41]. 



IV. TWO-LAMBDA GEOMETRY 
A. Types of configurations 

In the case of non-zero value of cosmological constant 
at infinity, there are two vacuum scales, A at the center 
and A < A at infinity, and geometry has at most three 
horizons [43] . These are the internal Cauchy horizon r_ , 
the black hole event horizon r+, and the cosmological 
horizon r_|__|_. The number of horizons depends on the 
mass parameter m and on the parameter q = ^JA/\. 
The horizon-mass diagram is plotted in Fig. 7. 
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FIG. 7. Horizon-mass diagram of two-lambda geometry. 

In the range of masses Mcri < m < Mcr2, geometry 
has three horizons and describes a vacuum cosmological 
nonsingular black hole. The global structure of space- 
time contains an infinite sequence of ABH and AWH, 
their future and past regular cores asymptotically de Sit- 
ter with Ag^i, as r — > 0, and asymptotically de Sitter 
universes with Xg^^ as r — > oo in the regions CC be- 
tween cosmological horizons and space-like infinities [20] . 

Three-horizon configuration represents the nonsingular 
modification of the Kottler-Trefftz solution [2] known as 
the Schwarzschild-de Sitter geometry [3]. The case m — 
Mcr2 (f^ = is the nonsingular modification of the 
Nariai solution [42]. 

The case m — Mcri {r^ = r_) is another extreme 
black hole state which appears due to replacing a singu- 
larity with a de Sitter core. The critical value of mass 
Mcri at which r_ = puts the lower limit on a black 
hole mass. It practically does not depend on the param- 
eter q = a/A/A and is given by (31). 

Five types of configurations described by A^j^ geometry 
are shown in Fig. 8 [20] for the case q = \/A/A = 10. 
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FIG. 8. Two-lambda configurations. The parameter M is 
a mass normalized to 



The case M = 2 can be seen as a particle-like structure 
at the de Sitter background \g^u- On the other hand, 
the global structure in this case is the same as for de 
Sitter geometry, so that in cosmological coordinates it 
represents cosmological model of de Sitter type on global 
structure but with cosmological density K\ evolving from 
A at the beginning to A at late times. Similar case is 
for M = 9. Those two cases differ only on dynamics 
(nontrivial behavior in the R region in the first case and 
in the T region in the second). 

B. Afi^ dominated cosmologies 

All cosmological models dominated by variable cosmo- 
logical term A^^ belong to the Lemaitre class of cosmolo- 
gies with anisotropic perfect fluid described by 

ds^ = c^dT^ - e^(^'^)di?2 - r\R, T)dn^ (36) 

and governed by equations [34] 

Kp^r^ = e"'V'2 ~2rr~r^ ~1 (37a) 

2K,p^r = 2e-''r" - e-f'r'n' - fir - 'ilr (375) 

K.p^r'^ = -e"^ (2rr" + r'^ - rr' + (rr/i + + l) 

(37c) 

The dot denotes differentiation with respect to t and the 
prime with respect to R. 

The equation of motion describing the evolution [34] 

f2 -I- 2rf -t- Kp^r^ = f{R) (38) 

It has the first integral 

f2 = A-f e^(^'^V(i?,r) + /(i?)r (39) 

and the second integral 

T-To(R)^ [ .1 , , dx (40) 

Here tq{R) is an arbitrary function called the "bang- 
time function" . In the case of the Tolman-Bondi dust- 
filled model the evolution is described by r{R, r) = 
(9GM(i?)/2)i/3(r - To(i^))2/^ where ro(i?) represents 
the big bang singularity surface for which r{R, r) = 0. 

Near the regular surface r = corresponding to 
R + T = — oo the metric (36) takes the FRW form with 
the de Sitter scale factor air) ^ cosh(iJoT) for /(i?) < 0, 
a(T) ^ exp(i7oT) for J{R) = 0, a(T) ~ sinh(i7oT) for 
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/(i?) > 0, where Hq is the Hubble parameter correspond- 
ing to the initial value of A. The evolution starts with 
the nonsingular non-simultaneous de Sitter bang [34,43]. 
The inflationary start is followed by a Kasner-type stage 
with contraction in the radial direction and expansion in 
the tangential direction [34,43] 

ds^ = dT^ -F{R){T + R)-^/'^dR^ -a{T + R)^/'^dn^ (41) 

where F{R) is a smooth regular function and A is the 
constant expressed in the model parameters. This is 
the stage when acceleration of the "scale factor" r(i?, t) 
changes quickly and drastically. In Fig. 9 it is shown for 
the case of a spatially flat model with f{R) = [34]. 

0.5 r 




FIG. 9. The acceleration of the "scale factor" r(T — to) 
normalized to (GM/A)^/^. 

For a certain class of observers A^^, dominated models 
can be specified as Kantowski-Sachs models with regular 
R regions. For the Kantowski-Sachs observers evolution 
starts from horizons with a highly anisotropic "null bang" 
where the volume of the spatial section vanishes. A null 
bung surface seems singular to a comoving observer al- 
though it is perfectly regular in the A^i^ geometry [43]. 

In the case of the planar spatial symmetry nonsingular 
Ap,y dominated cosmologies are Bianchi type I, and in 
the pseudospherical case they are hyperbolic analogs of 
the Kantowski-Sachs models. At late times all A^y dom- 
inated models approach de Sitter asymptotic with A < A 
[43]. 



choice of coordinates and range of parameters, A^y ge- 
ometry describes vacuum nonsingular black and white 
holes, particle-like vacuum structures, and cosmologies 
with evolving vacuum density. 

The inflationary cosmology specified various matter 
sources associated with the Einstein cosmological term 
Ag^i, (for review [35]). 

The question whether a regular black hole can be 
obtained as a false vacuum configuration described by 



R+{d(Pf -2V{cP) 



with a scalar field 



potential V{^), is addressed in the "no-go theorem" 
[44]: Asymptotically flat regular black hole solutions 
are absent for any non- negative potential V{(p). This 
result has been generalized to the theory with the ac- 



tion S 



R + F[(5(A)2 



where F is an 



arbitrary function, to the multi-scalar theories of sigma- 
model type, and to scalar-tensor and curvature-nonlinear 
gravity theories [45]. It has been shown that the only 
possible regular solutions are either de Sitter-like with a 
single cosmological horizon or those without horizons, in- 
cluding asymptotically flat ones. The latter do not exist 
for V{(j)) > 0, so that the set of causal false vacuum struc- 
tures is the same as known for (p = const case, namely 
Minkowski (or anti-de Sitter), Schwarzschild, de Sitter, 
and Schwarzschild-de Sitter [45], and thus does not in- 
clude de Sitter-Schwarzschild configurations. 

In the case of complex massive scalar field the regu- 
lar structures can be obtained in the minimally coupled 
theory with positive V{<j)) [46]. The best example is bo- 
son stars ( [27] and references therein), but in this case 
algebraic structure of the stress-energy tensor does not 
satisfy Eq.(2I), and asymptotic at r = is not de Sitter. 

The stress-energy tensor of structure (2) gives the reg- 
ular magnetic monopole solution in nonlinear electrody- 
namics [47] . This is the first candidate for a matter source 
associated with the variable cosmological term A^i^. 
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V. DISCUSSION 



A;^!/ geometry follows from the Einstein spherically 
symmetric equations with imposing the requirements of 
finiteness of the ADM mass, regularity of density and 
dominant energy condition on stress-energy tensor T^^, 
identified, by its symmetry, with the spherically sym- 
metric vacuum associated with A^i,. Dependently on the 
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